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The present paper is a continuation of the study of real places in function 
fields initiated by the author in [ 11. Indeed we prove here the existence of 
specialization chains of real valuation rings with prescribed centers, ranks, 
dimensions, and value groups, solving completely a problem answered par- 
tially in [2]. A similar result has been obtained by Brocker and Schiilting 
[4] by means of Hironaka’s desingularization theorem. Here the proof is 
based on Noether’s normalization theorem and is quite elementary. There 
are (at least) two reasons which make this elementary proof worthwhile: 
first, historically, valuation theory was the starting point for desingulariza- 
tion; second, in real algebraic geometry, and in the theory of real spectra 
(which I use in this paper), real valuation rings are basic tools (for 
instance, for dimension theory or in the definition of the sheaf of 
semialgebraic functions). Thus it is nice to have at hand a strong result 
concerning the existence of real valuation rings with the least possible 
effort. Also, our approach is based on selecting curves, which once more 
coincides with a classical point of view of valuation theory. 
As pointed out above, I use the language of real spectra. This makes 
some statements lightly different from those of [l]. Also, Corollary 2.5 is 
more general than Theorem 5.1 of [ 11. However, we refer to [l] for some 
proofs which remain valid almost word for word. 
1. Let k be an ordered field, A = k[X,, . . . . X,] the polynomial ring in s 
unknowns, K= k(X,, . . . . X,), and R the real closure of k. We denote by 
Sper(A I k) the points a of the real spectrum of A such that the order 6 
defined by u in k(a) = qf(A/supp m) is an extension of the order of the 
ground field k. Let c(~ ESper(A 1 k) be the unique point with supp tl = m = 
(Xi, . . . . X,). We start with the following curve selection lemma, whose 
proof, following Efroymson [6], we include for the sake of completeness. 
1.1. LEMMA. Assume that J‘, , . . . . f, E A are such that a0 E D(fi, . . . . fr). 
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Then there is a local homomorphism a: A, + k*[ [t]] with o(fi) > 0 for all 
i = 1, . . . . r, where k* is a finite ordered extension of k, k c k* c R. 
Proof: Set C = R[X,, . . . . X,] and &,, E Sper C for the unique point with 
supp(&,) = m = (X,) . ..) X,)C. We have ti, E D(fi, . . . . f,), where now we 
consider D(fi, . . . . f,) c Sper C. This condition means that the following 
statement $, with coefficients in R, holds in R: 
II/: V& > 0, 3X,) . ..) x, such that i xf < E and i=l 
fix I > . ... x,) > 0 for all i = 1, . . . . r. 
Now let L be the real closure of R((t)). Thus L = R( (t))*, the Puiseux 
power series. The statement Ic/ also holds true in L. Therefore if we take 
E = t, there are x,(t), . . . . x,(t) E R( (t)) such that for each i = 1, . . . . s, 
(xi(t))2 < t and &(x,(t), . . . . x,(t)) > 0 for all j = 1, . . . . r. The condition 
(x,(t))‘< t implies that x,(t) I R[[t]]*. After a change of parameter of 
type t + tP for a suitable PEN we get xl(t), . . . . x,(t) in (t) R[ [t]] such that 
fj(x,(t), ---3 x,(t)) > 0 for all j= 1, . . . . r. Now note that the condition 
$yt” . ..Y x,(t)) > 0 involves only a finite number of terms of the series 
, . . . . x,(t). We define zl(t), . . . . 
sk that fi(zl(t), . . . . 
zs( t) E (t) R[ t] by taking all these terms, 
z,(t)) > 0 for all j = 1, . . . . r. Finally define the substitution 
morphism r~: k[X,, . . . . X,] + R[[t]], a(X,)=z,(t). It is clear that the 
image lies in k*[[t]] (in fact in k*[t]), where k* is the extension of k with 
all the coefficients of z,(t), . . . . z,(t), and by construction g defines a local 
homomorphism Am + k*[[t]]. 
From now on, A will be a finitely generated algebra of dimension d over 
an ordered ground field k, and K its quotient field. R will denote the real 
closure of k. Given a field F of characteristic zero and an ordered subgroup 
r of [w we denote by F[ [tr]] the generalized power series ring: 
ag tg: a, E r, Mc r+ has a first element . 
F[ [tr]] is a valuation ring with value group r and residue field F. 
We keep the notation Sper(A 1 k) introduced above.’ Let a, E Sper(A I k) 
be such that supp cl,, is maximal. The following lemma is a generalization 
of Lemma 2.1 in [ 1 ] and is of fundamental importance to what follows. 
1.2. LEMMA. Assume that f,, . . . . f, E A are such that a0 E D(fi, . . . . fm) n 
Sper(K ( k). Let r E N, 0 < r < d. Then there exists a local embedding 
’ For a E Sper A we set k(supp a) for the quotient field of A/supp CY and k(a) for the real 
closure of k(supp a) with respect to the order a induced by a. 
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a: A suppCrO, 4 V into an ordered valuation ring V such that o( fi) > 0 for all 
i = 1, . . . . m, and V n K has a finitely generated value group PC [w with 
rational rank r and a residue field that is a finite extension k, of k(supp aO), 
k,c k(a,). (Here Vn K denotes C’(V) n K, where d is the extension of a 
to K.) 
Proof By Noether’s normalization theorem there are y,, . . . . Y~E A, 
algebraically independent over k, such that A’ = k[ y,, . . . . yd] G A is a finite 
extension and supp a0 n A’ = (y,, . . . . yd). Set a; = a0 n A’ and *nb = 
supp ab = (Y 1, . . . . yd 
Since A is a finite extension of A’ there exists a finite number of 
ideals of A over HZ;, say +ZJZ~ = supp ao, m,, . . . . m,. From our hypothesis 
on ao, there exist aED(fi, . . ..f.) n Sper(K 1 k), such that a -+ aO. For 
each t = 1, . . . . t we take a,Em,\m; and !I~E+zJZ~\~~, with a(a,) >O and 
a(b,)>O. Set c;=b,-ai, i=l,..., t. We have a(c,)>O. We define B= 
A[&, . . . . &, ,,&, . . . . &, A, . . . . a]. B is again a real domain, 
finite over A, hence over A’, and such that, if L is the quotient field of B, 
there is E E Sper(L 1 k) with Cc n A = a. Set h = (n:=, &)(ni=, A) 
(FIT= 1 A, E B. S’ mce B is integral over A’ there is e E B\ (0) such that 
u = eh E A’. Also let 0 EL be a primitive element of L over K’ = qf(A’), 
which we may assume integral over A’. 
Let P(y, T) E A’[T] be the manic irreducible polynomial of 0 over K’. 
We denote by 6(y) E A’\ (0) its discriminant. Let g,(y), . . . . gs( y) E A’\ (0) 
be a Sturm sequence for P( y, T) and some ordering in K. Then the fact 
that 0 is a root of P( y, T) comes defined by some sign conditions on the 
g,‘s. Now, by 1.1 there exists a local homomorphism a’: AA6 + k’[ [t]] 
such that the a’( gi)‘s keep these same sign conditions and a’(&) # 0, where 
k’ is a finite ordered extension of k, kc k’ c R = k(a,). Thus the polyno- 
mial P”‘(T) = P(a’( yI), . . . . a’(y,), T)Ek’[[t]][T] has a root in R((t))*, 
the real closure of R(( t)). Moreover there is v E N such that if a” A a’ (i.e., 
for each i= 1, . . . . d, a’( yi) - a”( yi) E (t”“) k’[ [t]]) then a”(6. U) # 0 and 
P”“(T) also has a root in R((t))*. Also, after a reparametrization (and 
replacing k’ for a larger extension if necessary) we may assume a’( y,) = etN 
with E= +l or -1. 
Now, let 1, TV, . . . . t,, 1 < 5i for all i, be rationally independent elements 
of R, r < d, and let r be the ordered subgroup generated by them (hence 
r=Z’ as group). Set a~(y)=zi(t)+tYflZi(t), z,(t)Ek’[t], lj(t)Ek’[[t]], 
i = 1, . . . . d. Consider 
w,(t) = &tN, wi=zi(t)+t”+‘.t7’, i = 2, . . . . r 
w;(t)=zi(t)+tYtlhi(t), i = r + 1, . . . . d, 
where h,, I(t), . . . . hd(t) E k[ [t]] are independent over k(t) (hence also over 
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k(tN)=k(wl(t))). Now we define c”: A’-tk[[fJ] by a”(y,)=w,(t). We 
have: 
(a) w,(t), . . . . wJt) are algebraically independent, hence a” defines an 
embedding AL; G k’( (f)). 
(b) a”(6 .u) # 0. 
(c) P”“( 7’) E k’[ [r’]][T] has a root in the real closure 52 of R((rr)). 
(d) k’(t, tT2, . .. . tTr, wr(t), . . . . wJf)) is an algebraic extension of 
k’(w,(t), . . . . wd( t)). Indeed k’( t, t’*, . . . . t”, w,(t), . . . . ~~(1)) is algebraic over 
k’(t, w,(t), . . . . wd( t)) and since wl(t) = &tN, the statement follows at once. 
Now, a result of MacLane and Schilling [8] states that the restrictions 
of the canonical valuation of k’[ [tr]] to k’(t, tr2, .. . . P, w,(t), . . . . wJt)) has 
r as value group, and k’ as residue field. Thus, it follows from (d) that the 
valuation defined by (T” in K’ has a value group r’ c r, finitely generated 
and with rational rank Y. 
Next, since a”(6) # 0, the embedding B”: K’ -+ k’((f)) c Q can be lifted 
to an embedding 6”: L -+ Q. We denote by 0 and 0, respectively, the 
restrictions of 3” to B and A. Let E be a finite extension of k’((f)), E c Q, 
such that a”(L) c E (recall that L is a finite extension of K’, hence so is 
a”(L) of cr(K’)). Now, let D be the integral closure of k’[ [t’]] in E. Let 
+R be the maximal ideal of D (which is semilocal) which is convex w.r.t. the 
ordering of R and set V = D_. Then V is a valuation ring lying over 
k’[ [tr]] and since B is finite over A’, 6(B) c V. Moreover the valuation 
defined in L (respectively K) has a value group A c IR, which is finitely 
generated and with rational rank r, since L (resp. K) is finite over K’ 
(actually A N f as groups). 
Thus by construction a(A) c V and a( fi) > 0 for all i= 1, . . . . m. It 
remains only to show that I-’ = m,,. Note that a-‘(m) n A’ = mb, and 
therefore a-‘(m) is one of the ideals HZ,,, ml, . . . . HZ,. Assume mj=a-‘(m) 
with j # 0. Let us still denote by CJ E Sper(K ( k) the ordering of K defined 
by the embedding 6. Thus m, is (an A)-convex. But, from rr(cr,) >O and 
c(c,) > 0 we get 0 < a, < bj and we recall that bjE mj. Thus we obtain 
aj E mj, a contradiction, and the proof is complete. 
To study the case when supp CQ is not maximal, we point out that the 
method of extension of the ground field that appears in [l] remains valid 
word for word, so that we get 
1.3. Remark. Let q, E Sper(A 1 k) and f, , . . . . f, E A be such that 
ao E D(h > .. . . f,) n Sper(K 1 k). Then there exist (i) an ordered extension 
field L, kc L c K with tr.deg, L = dim(supp a,), (ii) a finitely generated 
L-algebra C with A c C and qf(C) = K, and (iii) & E Sper(C 1 L), such that 
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(I) supp /I0 is maximal, (2) PO n A = c(~ (hence k(supp /IO) is a finite ordered 
extension of k(supp q)), and (3) &, E D(fi, . . . . fm) n Sper(K ) L). 
From 1.3 and 1.2 we get: 
1.4. LEMMA. Let a,,~ Sper(A 1 k) and f,, . . . . f, E A be such that 
a0 E D(f,, . . . . fn,) n Sper(K 1 k). Let r E N, 0 < r < d. Then there exists a local 
embedding o: A,,ppa,, 4 V into an ordered valuation ring V such that 
(i) a(f,) > 0 for all i = 1, . . . . m, (ii) V n K has afinite1.v generated value group 
f c [w with rational rank r, and (iii) the residue field k v of V n K is a finite 
extension of k(supp q), k I/ c k(q). 
Note that W = V n K is a residually real valuation ring of K centered at 
supp Q, in A and whose residue field is an ordered extension of k(supp q,) 
(with the order ~1~). In other words, there is PO~ Sper( W) with 
supp b0 = m,,. and /I0 n A = aO. We define this situation as follows: 
1.5. DEFINITION. Let A be a subring of a field K, and c( E Sper A. We say 
that a valuation ring V of K is centered at a0 in A if there exists j0 E Sper V 
with ~upp/?~=m~ and flonA=cc,. 
Thus, in 1.2 and 1.4 we have shown: 
1.6. PROPOSITION. Let a0 E Sper(A 1 k), and fi, . . . . f, E A be such that 
a0 E D(f, , . . . . f,) n Sper(K I k). Let r E N, 0 < r d d. Then there is a valuation 
ring V of K such that (i) V is centered at a0 in A, (ii) rank(V) = 1, 
(iii) the rational rank of V is r, (iv) the value group TV is finitely generated, 
(v) its residue field k ,, is a finite extension of k(supp ~1~). Moreover, 
(vi) if Do E Sper V is the point which lies over aO, then /IO E 
Wf,, . . ..f.)n Sper(KI k). 
A result somewhat similar to 1.6 has been obtained by Kuhlmann and 
Prestel in [7] by means of the Ax-Kochen-Ersov theorem. 
1.7. Remark. It is known that a0 E Sper A is the center of some valua- 
tion if and only if a0 E Sper K. Thus, let /I E Sper K be such that /I + ao. One 
can ask about the possibility of centering valuation rings in a0 which are 
convex with respect o /3. However, if we want these valuation rings to have 
a given rank (for instance, as in 1.6) this is not possible: take, for instance, 
/?E Sper K, /I --f ao, such that there exists a1 E Sper A, a, #a, #p with 
/?-a, -+ a*. Thus any valuation ring convex w.r.t. /I and centered at a0 
in A has at least rank 2. In this sense condition (vi) of Proposition 1.6 
stress an important point: for any constructible set UC Sper A with 
a0 E Un Sper(K 1 k) there is fl E U n Sper(K I k) such that V is convex 
w.r.t. /I, i.e., /3 --t Do. In other words, we cannot fix /I in advance, but we can 
find it “generically”. 
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1.8. Remark. Note that from 1.4 and the proof of 1.2, the valuation 
ring V is the restriction to K of a valuation ring v of L = K(&, . . . . A), 
and the point /I0 E Sper( V I k) with supp Do = my and &, A A = a, is the 
restriction to P’ of a point PO E Sper( v 1 k). Also, the residue field k B is a 
finite extension of k,, hence the canonical map i*: Sper(kB I k) + 
Sper(k,, 1 k) is open. Obviously PO E im i *. If we identify Sper(k, 1 k) with 
the subset of points of Sper( V 1 k) with support my, we have that there is 
an open neighborhood U c Sper(k y ) k) (namely U = im i*) of f10 such that 
for any ordering 7~ U, any pullback y of 7 via the valuation I’ verifies 
f,(y) > 0, . . . . f,(y) > 0. In particular UC D(fi, . . . . f,) n Sper(K ) k). This 
fact will be used later. 
Moreover, going somewhat further, we know that k, is a finite extension 
of k(supp ao), hence also the canonical map i*: Sper(k, 1 k) + 
Sper(k(supp a,) ) k) is open. Identifying Sper(k(supp a,) I k) with a subset 
of Sper(K I k) we have a0 E i*(U) and for any 7~ i*(U), there is 
Y 6 Wfi 3 . . . . f,) n Sper(K I k) with y + 7. Hence we have proved the following 
corollary (which can also be obtained from Brocker’s ultratilter theorem [3]): 
1.9. COROLLARY. Let aOE Sper(A ) k) and fi, . . . . f,,,eA be such that 
a0 E Wfi, . . . . f,) n Sper(K I k). Then there exists an open neighbourhood U 
of ao, UC Sper(k(supp ao) I k), such that UC D(fi, . . . . f,) n Sper(K I k). 
2. We go further and prove the existence of rank one residually real 
valuations with arbitrary dimension s, 0 <s < d = dim A. To do that we 
need the following “dimension result,” which appears in [S], where the 
proof uses valuation theory. A proof, actually in the more general situation 
of arbitrary excellent domains, based on the curve selection lemma, appears 
in [9]. We point out that this proof is simplified considerably in our case 
of finitely generated k-algebras. 
2.1. LEMMA. Let a,, E Sper(A I k) b e such that ht(supp a,)=d- h and 
ah E Dkl, . . . . g,) n Sper(K I k) for some gi E A, i = 1, . . . . t. Then there exists 
a chain of specializations ad-+ ad- 1 + ... + ah such that 
(1) aiESper(A I k) and ht(suppa,)=d-ifor UN i=h, . . . . d and 
(2) adE WI, . . . . g,). 
From 1.9 and 2.1 we get the following, stronger version of 1.1: 
2.2. LEMMA. Let ah, a; E Sper(A I k) be such that (i) ht(supp ah) = d-h 
and ht(supp a;) = A- Z, (ii) a; -P ah, and (iii) a; E D(g,, . . . . g,) n Sper(K I k) 
for some g,, . . . . gte A. Then there exists a chain of specializations 
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aj + aj_ , + ‘. . + a,, such that (1) a,E Sper(A 1 k) and ht(supp aJ = d- i 
for all i = h, h + 1, . . . . 1, (2) supp aI= supp 6, and (3) a,ED(gI, . . . . g,) n 
Sper(K 1 k). 
The following result allows us to reduce the problem to the situation 
of 1.4: 
2.3. LEMMA. Let a,,, f, , . . . . f, be as in 1.4. Thus, there exists a finitely 
generated A-algebras B, with a quotient field that is a finite extension L of 
K, and such that for any integer s, 0 < s < d, there is ys E Sper(B 1 k) with 
dim(supp ys) = s, y, n A = a,, and ys E D(fi, . . . . fm) n Sper(L I k). 
Proof. Let R be the real closure of k. We consider the R-algebra 
C Ok R. Let PO E Sper C be such that supp /I0 is maximal, PO n A = aO, and 
/I0 E D( fi, . . . . f,) n Sper F, F= quotient field of C. Now, since R is real 
closed, the result is proved in [ 1, Lemmas 4.1, 4.21. Let D = C[z,, . . . . z,] = 
NJ-,, . . . . xn, Z,, . . . . Z,]/b be a finitely generated C-algebra and let 
a,~ Sper D be such that dim(supp 6,) = s, 6, n C= PO, and 6,~ 
D(f, 5 . ..> fm) n Sper(E), E = qf(D). Let k* c R be a finite extension 
of k which contains the coefficients of a system of generators of ;lz. Set 
B = k* [X,, . . . . X,, Z,, . . . . Z,]/;lz’, where fi’ denotes the contraction of ;lz 
and yS=6*nB. We have D=BQ,, R; hence D is flat over B. This, 
together with the fact that R is algebraic over k*, implies that 
dim(supp y,) = dim(supp 6,) = s. The other conditions are obvious. 
We come next to the general result on existence of rank one residually 
real valuations :
2.4. PROPOSITION. Let aO, fi , . . . . f, be as in 1.4. Let r, s be integers such 
that dim(supp aO) < s < d, 0 < r 6 d - s. Then there exists a local embedding 
o: A supprO~ V into an ordered valuation ring such that (i) a(h) > 0 for ~11 
i = 1, . . . . m, (ii) V n lJ&! with rational rank r, and (iii) the residue field k, of 
Vn K is a finitely generated extension of k(supp aO), k(supp aO) c k, c 
k(a,), with transcendence degree s over k. 
Proof Let B and y,, respectively, be the A-algebra and prime cone 
whose existence is asserted in 2.3. Now apply 1.4 to find rr: Bsuppy, G V such 
that (i) a( J) > 0 for all i = 1, . . . . m, (ii) V n L has a finitely generated value 
group Tc Iw with rational rank r, and (iii) the residue field k, of Vn L is 
a finite extension of k(supp y,), k,c k(y,). Since ys n A = a0 we have 
A SUPPcro = Bsuw and the restriction of 0 to ASuppcy, verifies the conditions 
of 2.4. 
2.5. COROLLARY. Let aO, fi, . . . . f,, r, and s be as in 2.4. Then there 
exists a valuation ring V of K such that (i) V is centered at a0 in A, 
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(ii) rank(V) = 1, (iii) rational rank of V= r, (iv) the value group TV of V is 
finitely generated, and (v) the residue field k y of V is a finitely generated 
extension of k(supp a,) with transcendence degree s over k. Moreover, 
if we denote by /IOe Sper V the point lying over aO, then /?,, E 
D(f,, . . . . fm) n Sper(K 1 k), where this equation is seen in Sper V. 
2.6. Remark. We finish this section by pointing out that Remark 1.8 
holds also in 2.5; that is, there exists an open neighbourhood U of b0 in 
Sper(k. ) k) such that U c D(f,, . . . . f,) n Sper(K I k). 
3. Specialization chains. We come now to the main theorem. First we 
will need the following easy lemma: 
3.1. LEMMA. Let A c B be subrings of a real field L. Assume that B is 
semi-integral over A (i.e., B c fl V, where the intersection runs over all 
residually real valuation rings containing A). Let ad + cldp 1 + . -+ a, be a 
specialization chain in Sper A, such that there exists a E Sper K with 
(a n A) + ad. Then there exists a chain in Sper B: /Id + fide, + . . . + PO 
such that b’; n A = ai for all i = 0, . . . . d and (a n B) + fid. 
Proof: Let Vi denote the convex hull of A,,ppor, in K with respect to a. 
V, is a residually real valuation ring of K, convex w.r.t. a, and we have 
v,c v,c ... c V,. By assumption B c V,. We take a, = the prime cone 
defined by Vi in B. 
We are now ready for the result. To state it we recall and introduce a bit 
of notation. Recall that as in Section 1, k is an ordered field and A a finitely 
generated k-algebra of dimension d with quotient field K. Let 
a, I + . . . -+ a, be a chain, not necessarily strict, in Sper(A 1 k) and 
assume there is a chain V0 c . . . c V, 1 of valuation rings of K such that 
for each i = 0, . . . . m - 1, V, is centered at ai in A. We denote by si and r, 
respectively the dimension and rational rank of V,. We have, then: 
Ods,<s, < ... <smp,, 
O<r,-, < ... <rO 
dim(supp ai) < si 
(3.1.1) 
si + ri < d 
for all i=O, . . ..m- 1. 
3.2. THEOREM. Let a,,-, + + a0 be as above and fi, . . . . f, E A such 
that a,,, E D( f 1, . . . . f,) n Sper(K ) k). Assume that sO, . . . . s,,~ 1 and rO, . . . . r,,- , 
are integers vertfying (3.1.1) above. Then, there exist valuation rings of K, 
v,c ‘.. c v,-, such that for each i= 0, . . . . m - 1 we have (i) Vi has 
rank m -i, (ii) Vi is centered at ai in A, (iii) dim Vi = si, (iv) rational rank 
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of Vi = ri, and (v) the residue field k, of V, is finitely generated over k. 
Moreover, (vi) if p, is the point of Sper Vi which lies over ~1, then 
Pj~Wfi, -.,f,)n Sper(Kl k). 
Proof By induction on m. The case m = 1 is already done in 2.5. Now 
apply the induction hypothesis to c(,,_ I -+ ... -+ CI~, sr, . . . . s,-, , and 
r,, . . . . r+ ,. We find VI c . . c V, _ 1 verifying the conditions of 3.2. Then 
(k,,,, fl,) is a finitely generated ordered extension of (k(supp c1r), a,). Thus, 
the canonical map E: Sper k,, + Sper k(supp a,) is open. Moreover, by 
Remark 2.6 there is an open neighbourhood U,, which we assume basic, 
of fi, in Sper k,, such that U, c D(f,, . . . . f,) n Sper(K 1 k). Set U= E( U,). 
Thus &, E U. Let f, + , , . . . . f,, E A/supp ol, be such that c1r E D( f,, , , . . . . f,,) 
c U. Now we apply Lemma 2.1 to A, = A/supp c(t and y0 = ~(~/cr, (i.e., the 
prime cone defined by c(~ in A/supp cr,); thus, there exists a specialization 
chain of maximum length in Sper(A, 1 k): yd, + ... -+ yO, d, =dim 
(supp u 1 ), with yd, E o(f, + , , . . . . fu). In particular yd, E U, whence there 
exists 6,~U,cSperk., with 6,nA,=y,,. 
Now we distinguish two cases: 
(a) El = %I, i.e., y0 = (0). Then k(supp aO) = k(supp a,). We call this 
field k,. Then (k.,, 6,) is a finitely generated ordered extension of (k,, Eo). 
Set k,, = k,(z,, . . . . z,). Set B= k,[z,, . . . . z,]. By Artin and Lang there is 
6, E Sper(B 1 k,) (where we fix in k, the order Eo) with supp(y,) maximal 
and 6, E 17~. We apply 2.5 to k “I and we find a rank one valuation ring 
To of k,, centered at y. in B with finitely generated value group of 
rational rank r. - r 1, dim( V,) = so, finitely generated residue field k, 
over k, and such that if PO denotes the special point of Sper F0 which 
lies over c(~, then flop 0,. Since U, c D(f,, . . . . f,) n Sper(K 1 k) we get 
b. E D(fi, . . . . f,) n Sper(K I k). It is now clear that the composite valuation 
ring of K defined by To fulfills the conditions of 3.2. 
(b) ~~#cr,. Now let B=A1[z,,...,zj] be such that k,,,=qf(B) and B 
is semi-integral over Ai (which is always possible since the semi-integral 
closure of A, in k,, has k,, as quotient field). By Lemma 3.1 there is a 
strict specialization chain in Sper B, 6,, + . . . + 6, with Sj n A r = yj for all 
j = 0, . . . . d,. Moreover, since yj E Sper(A, 1 k) we have dj E Sper(B ( k) for all 
j = 0, . . . . d,. Also, by construction, we may arrange that dim(supp 6,) d 
dim(supp a,); hence s,>, dim(supp 6,). Now the proof ends as in (a) by 
applying 2.5 to B, 6,, and U1. 
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